Abstract. Some optimal design problems in topology optimization eventually lead to a degenerate convex minimization problem E(v) := Ω W (∇v)dx − Ω f v dx for v ∈ H 1 0 (Ω) with possibly multiple minimizers u, but with a unique stress σ := DW (∇u). This paper proposes the discrete Raviart-Thomas mixed finite element method (dRT-MFEM) and establishes its equivalence with the Crouzeix-Raviart nonconforming finite element method. The convergence analysis combines the a priori convergence rate of the conforming FEM with the efficient a posterior error control of MFEM. Numerical experiments provide empirical evidence that the proposed dRT-MFEM overcomes the reliability-efficiency gap for the first time.
Introduction.
The optimal design of two materials with prescribed amounts but unknown position to fill a given domain for a maximal torsion stiffness is one model problem in topology optimization [17] . The mathematical modeling leads to the degenerate convex minimization problem with energy Here and throughout this paper, F (v) := Ω f v dx is defined for a given datum f ∈ L 2 (Ω) and the energy function ψ : [0, +∞) → R is defined, for given parameters 0 < t 1 < t 2 and 0 < μ 1 < μ 2 with t 1 μ 2 = t 2 μ 1 , by ψ(0) := 0 and its derivative (1.2) ψ (t) := Numerous works [19, 18, 17, 15, 4, 8] have been devoted to the mathematical analysis and numerical computation of the minimization of (1.1). The conforming
C. CARSTENSEN AND D. J. LIU h E := diam(E) for an edge E ∈ E(T ). Let
P k (T ) = {v k : Ω → R | for all T ∈ T , v k | T is a polynomial of total degree ≤ k} denote the set of piecewise polynomials and let h T ∈ P 0 (T ) denote the T piecewise constant mesh size function with h T | T = h T for all T ∈ T and the maximum h max := h T ∞ . Assume that T is shape-regular so that h T ≈ h E ≈ |T | 1/2 for all E ∈ E(T ) and T ∈ T .
Let [•] E := •| T+ − •| T− denote the jump across the common edge E = ∂T + ∩ ∂T − with T + , T − ∈ T and unit normal ν E pointing into T − . Let Π 0 : L 2 (Ω) → P 0 (T ) denote the L 2 projection onto T piecewise constant, i.e., (Π 0 f )| T = T f dx for all T ∈ T (the same notation Π 0 is also used for vectors and is understood componentwise), and let osc(f, T ) := h T (f − Π 0 f ) .
P 1 conforming FEM.
The P 1 conforming finite element approximation u C to (1.1) minimizes the energy E in the Courant finite element space V C (T ) := P 1 (T ) ∩ V , written (2.1) u C ∈ arg min E(V C (T )).
It is proved in [16] that the dual variable σ C := DW (∇u C ) is unique, while the discrete minimizers u C from (2.1) exist and are (possibly) nonunique. A priori error and a posteriori error estimates have been analyzed in [4, 16] ,
Define η E := h
· ν E of the discrete stress σ C in the normal direction ν E across an interior edge E; then (2.2) 1 2μ 2 σ − σ C 2 + |E(u) − E(u C )|
E∈E(Ω)
η E 2 + osc(f, T ).
Crouzeix-Raviart nonconforming FEM.
The Crouzeix-Raviart finite element space is defined as
is continuous at midpoints of interior edges and vanishes at midpoints of boundary edges}.
The NCFEM is based on CR 1 0 (T ) and the nonconforming energy
The Crouzeix-Raviart finite element approximation u CR to (1.1) minimizes the energy
The discrete stress σ CR := DW (∇ N C u CR ) is unique, which will be proved in section 3, while an a priori and a posteriori error analysis follows in section 4 
Here and throughout this paper, W * (A) := sup B∈R 2 (A · B − W (B)) denotes the dual of W [25] and reads W * = ψ * (| • |) with ψ * from (1.3). The dual problem of (1.1) maximizes the energy E * in
The maximizer σ is unique [13] and equals σ = DW (∇u) for any minimizer u of E in V .
The mixed finite element scheme is based on the Raviart-Thomas finite element space
The Raviart-Thomas mixed finite element approximation σ RT to the dual variable σ maximizes the energy E * in Q(f, T ), written
The maximizer σ RT is unique in Q(f, T ) [13] . An a priori and a posteriori error analysis follows in section 5.
Discrete Raviart-Thomas mixed FEM.
The discrete Raviart-Thomas mixed finite element scheme is based on the one-point numerical quadrature with respect to the center of each triangle and the resulting discrete dual energy E *
The discrete Raviart-Thomas mixed finite element approximation σ dRT to the dual solution σ maximizes the energy E *
The strong convexity of W * (see Lemma 3.4 below) shows that the maximizer σ dRT is unique in Q(f, T ). An a priori and a posteriori error analysis follows in section 6. Downloaded 08/17/15 to 141.20.210.43. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 3. CR-NCFEM is equal to dRT-MFEM. This section is devoted to the equivalence of CR-NCFEM from subsection 2.3 with dRT-MFEM from subsection 2.5 as a generalization of the Marini representation from the linear equations [1, 2, 23] to nonlinear convex minimization problems. The equivalence is expressed by the equivalence of σ dRT with some postprocessing σ * CR of σ CR , namely,
Here and throughout this paper, the piecewise affine function • − mid(T ) ∈ P 1 (T ) equals x − mid(T ) at x ∈ T ∈ T with barycenter mid(T ). Theorem 3.1 (CR-NCFEM = dRT-MFEM with no discrete duality gap). It holds that σ *
The remaining parts of this section are devoted to the proof of Theorem 3.1 which is based on the following lemmas and the Crouzeix-Raviart interpolation operator 
Proof. This lemma is established with different constants κ in [12, 24] ; the version here is in [10] .
Proof. Given v CR ∈ CR 1 0 (T ), define some conforming approximation by the averaging of the possible values (also known as the precise representation)
of the (possibly) discontinuous v CR at any interior node z ∈ N (Ω) with ball B(z, δ) of radius δ and area |B(z, δ)| around z. Linear interpolation of those values defines v 1 ∈ P 1 (T ) ∩ C 0 (Ω). The second step adds edge-bubble functions to v 1 and so defines v 2 ∈ P 2 (T ) ∩ C 0 (Ω), which equals v 1 at all nodes N and satisfies
The third step adds the cubic bubble functions to v 2 such that the resulting function v 3 ∈ P 3 (T ) ∩ C 0 (Ω) equals v 2 along the edges and satisfies 
The approximation and stability properties of v 1 have been studied in the context of preconditioners for NCFEM [5] (called enrichments therein). This and standard arguments also prove approximation properties and stability in the sense that
The subdifferential ∂W * of W * [25] is uniformly convex.
Any α, β ∈ R 2 and any b ∈ ∂W * (β) satisfy
Proof. The paper [4, Proposition 4.2] proves (3.1), which is also known as convexity control of W . The duality in convex analysis shows that the relation
. This implies
The combination with (3.1) concludes the proof of (3.2).
Lemma 3.5 (uniqueness of σ CR ). The discrete stress σ CR is unique and satisfies the discrete Euler-Lagrange equation in the sense that
Proof. For any 0 < ε < 1 and any
Since u CR is a minimizer,
Since W is smooth, it follows for almost every x ∈ Ω that
The formula DW (A) = ψ (|A|)A/|A| leads to 
Lemmas 3.3 and 3.2 imply that
Hence the Lebesgue dominate convergence theorem guarantees
This and (3.3) imply
Since v CR is arbitrary in CR 1 0 (T ), this proves the asserted discrete Euler-Lagrange equation.
The remaining part of the proof analyzes the uniqueness of the stress
The proof does not really involve the nonlinearity and focuses rather on the discrete Euler-Lagrange equations and so is very close to the linear case [23] . Hence the proof is briefly outlined here only for completeness.
Given σ CR ∈ P 0 (T ; R 2 ) and E ∈ E(Ω) with surface measure |E|, let [σ * CR ] E · ν E denote the jump of the discrete normal stress σ * CR · ν E over E and let ψ E be the edgeoriented basis functions of CR 1 0 (T ) which satisfy ψ E | mid(E) = 1 and ψ E | mid(F ) = 0 for any F ∈ E \ {E}. ω E denotes the union of the elements that share the edge E. A piecewise integration by parts shows 
An integration by parts and Lemma 3.6 with σ dRT ∈ Q(f, T ) show that the last term vanishes. This and
An integration of this reads
The definition of E N C and Lemma 3.5 show that the left-hand side (LHS) equals
. This concludes the proof. 4. Error analysis of CR-NCFEM. This section analyzes the error estimates of the CR-NCFEM.
A priori error analysis.
The combination of the regularity [21] with the subsequent a priori error estimate of Theorem 4.1 guarantees that the convergence rate is as h 
Proof. The choice a := ∇ N C u CR , b := ∇u, and α := σ CR in Lemma 3.4 leads to Since σ CR ∈ P 0 (T ; R 2 ) and
Hence,
The choice a := ∇u, b := ∇ N C u CR , and α := σ in Lemma 3.4 leads to
The conforming
The combination of the preceding estimates results in
The sum of (4.1)-(4.2) reads
Moreover, (4.1)-(4.2) imply that
The Cauchy-Schwarz inequality and Lemma 3.2 prove
This and Lemma 3.3 prove the assertion. 
The proof of Theorem 4.2 is based on the boundness of minimizers. Recall that any v ∈ V satisfies the Friedrichs inequality 
Proof of Theorem 4.2. The energy density W satisfies some two-sided growth condition in the sense that
The Friedrichs inequality shows that
Since E(u) ≤ E(0) = 0, this implies
In the same way (with the discrete Friedrichs inequality rather than the original one),
Lemma 3.2 and (4.1) lead to
The estimate (4.4) and the Cauchy-Schwarz inequality imply
The Young inequality shows 
with the first positive root j 1,1 = 3.8317059702 of the Bessel function of the first kind [22] . Proof. Recall that σ ∈ H 1/2− (Ω; R 2 ) for any 0 < < 1/2 [21] and let
be the Fortin interpolation operator [7] with respect to T with
The choice α := σ RT , β := σ, and b := ∇u in Lemma 3.4 leads to
An integration by parts shows
A piecewise Poincaré inequality applies in the last step with the constant h T /j 1,1 from [22] . Hence the last term is bounded by |u |/j 1,1 osc(f, T ). This and σ RT = arg max E * (Q(f, T )) imply
The choice α := σ, β := I F σ, and b := ξ(x) ∈ ∂W * (I F σ) in Lemma 3.4 leads to
a. e .i nΩ .
The Cauchy-Schwarz inequality and (4. 
Proof. The choice α := σ, β := σ RT , and b := ξ in Lemma 3.4 leads to
For all v ∈ V , the upper bound equals
The combination of (5.2)-(5.3) leads to
The Young inequality shows that
The combination of above estimates concludes the proof.
Error analysis of dRT-MFEM.
This section analyzes the error of the dRT-MFEM.
6.1.
A priori error analysis. Theorems 3.1 and 4.1 allow an immediate a priori error estimate.
Theorem 6.1 (a priori error estimate). The discrete stress σ dRT satisfies 
The equalities
This and Theorem 4.1 conclude the proof.
Subgradients of the discrete dual problem.
The further a posteriori error analysis requires that the arising subgradients are the piecewise gradients of
Proof. Let χ Q(f,T ) denote the indicator function [20] of the convex closed subset
Define the function Φ(τ ) :
The sum rule for the subgradient [20, Theorem 2.32] is already utilized in the preceding formula and shows that there exists
The discrete Helmholtz decomposition [3] shows for a simply connected domain Ω that there exists some
Given any T ∈ T and A ∈ R 2 , set 
In other words, ∇ N C u h ∈ ∂W * (Π 0 σ dRT ). This and Π 0 σ dRT = σ CR from Theorem 3.1 plus the duality relation imply σ CR = DW (∇ N C u h ) .
It remains to prove that 
Proof. The choice α := σ, β := Π 0 σ dRT = σ CR , and b := ∇ N C u CR in Lemma 3.4 leads to
The conforming P 3 companion u 3 ∈ P 3 (T ) ∩ V with u CR = I N C u 3 from Lemma 3.3 shows
The combination of the preceding results reads The sum of (6.3) and (4.1) plus Theorem 3.1 show that
The inequality (6.1) implies
The Cauchy-Schwarz inequality shows that
The Young inequality shows
The combination of the preceding displayed inequalities concludes the proof. Theorem 6.4 (second a posteriori error estimate). The discrete stress σ dRT satisfies
Proof. The choice α := σ dRT , β := σ, and b := ∇u in Lemma 3.4 leads to (6.5)
The sum of (6.3) and (6.5) implies The Cauchy-Schwarz inequality, the triangle inequality, plus (4.7) show that
The Young inequality and Π 0 ∇u 3 = ∇ N C I N C u 3 show that
The combination of the three preceding displayed estimates concludes the proof. Theorem 6.5 (third a posteriori error estimate). For any ξ ∈ L 2 (Ω; R 2 ) with ξ(x) ∈ ∂W * (σ dRT ) for a.e. x ∈ Ω, the constant C 1 := 2κC F f /μ 1 and the discrete stress σ dRT satisfy
The proof of Theorem 6.5 utilizes the following Lemma 6.6. Lemma 6.6. It holds that 
For all v ∈ V , the upper bound of this estimate equals
Lemma 6.6 implies (6.6)
The sum of (6.6) and (4.1) plus Theorem 3.1 show that 
The combination of the preceding four displayed inequalities concludes the proof.
Numerical experiments.
This section is devoted to the numerical investigation of the lowest-order schemes of CFEM, NCFEM, MFEM for the optimal design problem on three different domains. (x 1 , . . . , x m ) . The data structures and the discrete Euler-Lagrange equations are realized as in [9] and then minimized with the MATLAB standard function fminunc and default parameters and the input of E N C , DE N C , and The triangulations are either uniform with successive red-refinement or with an adaptive mesh-refinement algorithm with initial mesh T 0 , and then, for any triangle T of a triangulation T at level = 0, 1, 2, 3 . . . , set
Given all those contributions, mark some set M of triangles in T of minimal cardinality with the bulk criterion
The refinement of all triangles in M plus minimal further refinements to avoid hanging nodes lead to the triangulation T +1 within the newest-vertex bisection. The choice Downloaded 08/17/15 to 141.20.210.43. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php of the refinement-indicator η(T ) is motivated by the convergence theory of adaptive mesh-refining algorithms, e.g., in the review article [11] with further details on the mesh-refinement. The convergence history plots display the LHS(2.2), LHS (4.5) , LHS (6.2) , LHS (6.4) 2 ) and right-hand side f = −divDW (∇u) for λ = 0.0084 as in [4] . The reference value for the minimal energy E = −2.82789 stems from Aitken extrapolation. Figure 1 displays four GUB and the corresponding error terms (LHS) of the four estimates from (2.2), (4.5), (6.2), and (6.4) as explained in subsection 7.2 for uniform mesh-refinements. Figure 2 presents the computed values for uniform and adaptive mesh-refinement. The 
